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Introductory remarks
Throughout this paper, graphs are simple and undirected the symbolZ Z n , where n is an integer, will be used to denote the ring of integers modulo n as well as its (additive) cyclic group of order n.
Let ; be a graph and G a subgroup of its automorphism group Aut ;. The graph ; is said to be G-arc-transitive if G acts transitively on the set of arcs of ;. In particular, ; is said to be arc-transitive if ; is Aut;-arc-transitive. Note that an arctransitive graph Ga is necessarily vertex-transitive, that is, its automorphism group acts transitively on the vertex set V ; of ;.
Given a group G and a symmetric subset S = S ;1 of Gn f idg, the Cayley graph of G relative to S, denoted by C a y(G S), has vertex set G and edges of the form fg gsg, for all g 2 G and s 2 S. By the de nition, the group G acting by right m ultiplication is a subgroup of Aut ; and acts regularly on V ; = G. The converse also holds (see 6] ). A circulant is a Cayley graph of a cyclic group. Thus a graph ; is a circulant o f order n if and only if Aut ; contains a cyclic subgroup of order n which is regular on V ;.
A classi cation of 2-arc-transitive circulants was given in 1]. It was proved that a connected, 2-arc-transitive circulant of order n, n 3, is one of the following graphs: the cycle C n , the complete graph K n , the complete bipartite graph K n In this paper we take the next step in our pursuit of a classi cation of all arctransitive circulants, by classifying all such graphs of square-free order. To describe this classi cation, a few words on the notation are in order. For two graphs ; and , denote by ;] the lexicographic product of ; by . If in addition, ; and have the same vertex set then denote by ; ; the graph with vertex V ; and having two vertices adjacent if and only if they are adjacent in but not adjacent in ;. Furthermore, let denote the complement of , and for a positive i n teger m, denote by m the graph which consists of m disjoint copies of . A circulant ; is called a normal circulant if Aut ; contains a cyclic regular normal subgroup. The following is the main result of this paper. Theorem 1.1 Let ; be a n a r c-transitive circulant graph of square-free o r der n. Then one of the following holds:
(1) ; is a complete graph (2) As in Theorem 1.1, let n bea positive square-free integer, and let ; bean arctransitive circulant of order n. We will complete the proof of Theorem 1.1 by p r o ving the following proposition, which is slightly stronger than Theorem 1.1. Proposition 2.1 Let ; be a G-arc-transitive circulant of square-free order, where G Aut; and let R be a cyclic regular subgroup of G. Then one of the following statements holds.
(1) G is 2-transitive on V ;, and ; is a complete graph or (2) R is normal in G or The proof of this proposition consists of a series of lemmas. As in the proposition, we denote by G a subgroup of Aut ; which is transitive on the set of arcs of ;, and by R a cyclic subgroup of G. First Proof. We note that, since ; is a circulant, we may label the vertices of ; by elements of Z Z n , i n s u c h a w ay that ; = Cay(R S), where S Z Z n n f 0g satis es i 2 S if and only if n ; i 2 S. The subset S will be called a symbol of ;.
We are now going to distinguish two di erent cases, depending on whether the actions of the group N on the blocks in B are permutationally equivalent or not. 
We n o w m a k e the following observation about the intersection T \ (;T + l). (See also 1, Lemma 2.1].) Whenever x 2 T \ (;T + l) there must exist some y 2 T such that x = ;y + l. Clearly, we get that y 2 T \ (;T + l) by reversing the roles of x and y. So the elements in the intersection T \ (;T + l) are paired o with one exception occuring when l 2 2T . Then the equality l = 2x (x 2 T) gives rise to a unique element in the intersection T \(;T +l). Therefore the parity o f jT \(;T +l)j depends solely on whether l belongs to 2T or not. More precisely, jT \ (;T + l)j is an odd numberifl 2 2T and an even numberifl 6 2 2T . Combining this fact with (3) we see that, in particular, Z Z b n f ; ag is either a subset of 2T or of Z Z b n 2T . But then in the rst case jT j = j2T j = b ; 1 and in the second case jT j = j2T j = 1. In both case, a contradiction is derived with the assumption that the actions of N on B 0 and B 2i+1 are inequivalent, completing the proof of Lemma 2.5.
Remark 2.6 Note that the bipartite graph arising from a pair of inequivalent 2-transitive group actions is the incidence graph of a symmetric block design with a 2-transitive automorphism group. (See 5] for the classi cation of all such designs.) Therefore the last part of the proof of Lemma2.5 thus amounted to proving that in an arc-transitive circulant of square-free order, the bipartite graph induced by two adjacent blocks cannot be the incidence graph of a symmetric design with the automorphism group acting 2-transitively on the sets of points and blocks of the design, respectively.
In view of the above lemmas, to complete the proof of Proposition 2.1, we may assume that for each minimal G-invariant partition X of V ;, letting F be the kernel of G on X and X 2 X , F = F X is not 2-transitive on X. be a minimal G-invariant partition of V ; which is a re ned partition of C. Take a block B (1) 2 B (1) . Let N 1 bethe kernel of G on B (1) , and let M 1 = s o c ( N 1 ). By our assumption, N is faithful and is not 2-transitive o n B (1) . Then by Lemma 2. In view of the comments in the paragraph preceding the statement of Proposition 2.1, this completes the proof of Theorem 1.1.
